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The hub location problem deals with ﬁnding the location of hub facilities and allocating the
demand nodes to these hub facilities so as to effectively route the demand between any
origin–destination pair. In the extensive literature on this challenging network design
problem, it has widely been assumed that the subgraph induced by the hub nodes is com-
plete. Relaxation of this basic assumption constitutes the starting point of the present
work. In this study, we provide a uniform modeling treatment to all the single allocation
variants of the existing hub location problems, under the incomplete hub network design.
No network structure other than connectivity is imposed on the induced hub network.
Within this context, the single allocation incomplete p-hub median, the incomplete hub
location with ﬁxed costs, the incomplete hub covering, and the incomplete p-hub center
network design problems are deﬁned, and efﬁcient mathematical formulations for these
problems with Oðn3Þ variables are introduced. Computational analyses with these formu-
lations are presented on the various instances of the CAB data set and on the Turkish
network.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Hub facilities are used to consolidate and disseminate ﬂow in many-to-many distribution systems. The hub location prob-
lem deals with ﬁnding the location of hub facilities and the allocation of the non-hub nodes (demand centers) to these lo-
cated hub facilities. It is generally assumed that there is economy of scale generated through hub-to-hub transportations due
to consolidation of ﬂows. This economy of scale is typically estimated by using a constant cost discount factor ðaÞ for travel
on the inter-hub connections. Hub location problems arise in various application settings in telecommunication and trans-
portation (air passenger, cargo, public) network design.
Theﬁrstmathematical formulation for the hub location problemwas introduced byO’Kelly (1987). He proposed a quadratic
integer programming formulation for the problem of minimizing the total transportation cost for a given number of hubs to
locate (p-hubmedian problem). The following hub location literaturemostly focused on this total transportation cost objective
locating both a ﬁxed and a variable number of hubs. Such studies are O’Kelly (1992); Campbell (1996); Ernst and Krishnamoor-
thy (1996, 1998, 1999); Skorin-Kapov et al. (1996); Ebery (2001); Boland et al. (2004) and Marin et al. (2006). An interested
reader can refer to two surveys on hub location problems by Campbell et al. (2002) and Alumur and Kara (2008a).
Campbell (1994) introduced two new hub location problems to the literature: p-hub center and hub covering problems.
The p-hub center problem locates p hubs such that the maximum cost (travel time) between any origin–destination pair is
minimized. Different integer programming formulations are presented in Kara and Tansel (2000) and Ernst et al. (2009) for
the p-hub center problem. The hub covering problem, on the other hand, minimizes the number of hubs to establish while
ensuring that the cost (travel time) between any origin–destination pair does not exceed a speciﬁed value. The p-hub center. All rights reserved.
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portation. Kara and Tansel (2003) placed the hub covering problem in the NP-hard class and provided various linear integer
programming formulations to solve it. Ernst et al. (2005) and Wagner (2008) further proposed different mathematical for-
mulations. Hamacher and Meyer (2006) compared various formulations and presented some facet-deﬁning valid inequalities
for the hub covering problem.
In hub location studies, it is typically assumed that the hub network is complete with the presence of a direct hub link
between every hub pair. However, it is sometimes possible to provide nearly the same service quality of a complete hub net-
work, in terms of cost and/or service time, with an efﬁciently designed incomplete one. Thus, building complete hub net-
works may unnecessarily increase the total investment cost in designing hub networks. Furthermore, in reality, many
less-than-truckload and telecommunication networks do not operate on a complete hub network structure.
In this study, we focus on designing hub networks that are not necessarily complete, for single allocation hub location
problems. We do not impose any structure on the hub networks other than connectivity.
There are few studies in the literature relaxing the complete hub network assumption in hub location problems. O’Kelly
and Miller (1994) introduced different hub network design protocols, one being the incomplete hub network design, to the
literature. Nickel et al. (2001) proposed a model for the hub location problem arising in urban public transport networks. The
authors minimized the total transportation cost plus the ﬁxed costs of locating hubs and building hub links. They considered
the multiple allocation structure in which a non-hub node can be allocated to more than one hub. Campbell et al. (2005a,b)
proposed hub arc location problems to the literature. Such problems locate hub arcs with reduced unit costs, rather than
locating hub facilities. A ﬁxed number of hub arcs is located while minimizing the total transportation costs. The resulting
hub arc network in these problems does not need to be connected unless forced. Yoon and Current (2008) studied the multi-
ple allocation incomplete hub network design problem with ﬁxed and variable arc costs. Their proposed model minimized
the total transportation costs and the ﬁxed costs of locating hubs and hub links. They also considered direct connections be-
tween the non-hub nodes and incurred variable arc costs associated with demand on the arcs. A study by Alumur and Kara
(2008b) considered the hub covering network design problem. Inspired by the observations from the cargo sector in Turkey,
the authors proposed an incomplete hub covering model in which every origin–destination pair receives service by visiting
at most three hubs on a route. Recently, Calik et al. (2009) proposed a tabu-search based heuristic for the single allocation
hub covering problem over incomplete hub networks.
The hub location problem has also been studied within the telecommunication network design context. Many special
cases of building incomplete hub networks have been studied in this literature. Designing different hub network topologies
such as star, ring, tree, and path are considered. The objective in the telecommunication network design is to minimize the
total costs of building the hub networks. The reader may refer to Klincewicz (1998) for such applications.
In this work, our aim is to propose a uniform modeling treatment for the incomplete variants of all the existing single
allocation hub location problems in the literature. Initially, we deﬁne the problems with the minimization of total transpor-
tation cost objective. We present efﬁcient mathematical formulations with Oðn3Þ variables for the single allocation incom-
plete p-hub median and the hub location with ﬁxed costs network design problems. The aim of the model with the
minimization of total transportation cost objective is to ﬁnd the location of hub nodes, the allocation of non-hub nodes to
these hub nodes, and which hub links to establish between the hub nodes. The transportation cost model is then tested
on the various instances of the Civil Aeronautics Board (CAB) data set – a benchmark data set introduced in the literature
(O’Kelly, 1987) – and on the Turkish network with the optimization software CPLEX 11.2. We proceed with deﬁning the sin-
gle allocation incomplete hub covering and p-hub center network design problems and present Oðn3Þ mathematical formu-
lations for these problems. We explore the performance of some valid inequalities for the hub covering model and provide
some computational analysis on the CAB data set and on the Turkish network with both of the problems.
The outline of this paper is as follows. In the next section, we propose our mathematical formulations for the single allo-
cation p-hub median and the hub location with ﬁxed costs network design problems. The third section compiles the com-
putational results on both the CAB data set and the Turkish network with the minimization of total transportation cost
objective. In the fourth section, we present a mathematical formulation for the single allocation incomplete hub covering
network design problem and in Section 5, we present some valid inequalities for this model. Section 6 presents the compu-
tational results on both the CAB data set and the Turkish network with the hub covering formulation. Section 7, we present a
mathematical formulation and its computational results for the single allocation incomplete p-hub center network design
problem. We present our concluding remarks in the last section of the paper.2. Minimization of total transportation costs in designing incomplete hub networks
For the mathematical model, we need a given node set N consisting of n demand nodes and a potential hub set H such that
H#N with h nodes. Our aim is to decide on the location of hub nodes, the allocation of non-hub nodes to these hub nodes,
and which hub links to establish between the hub nodes, while minimizing total transportation costs. We aim to design our
network so that any node can send ﬂow to any other node in the network. In order to ensure this, the hub network to be
established must be connected.
It may be straightforward to model the problem at hand using multi-commodity ﬂow balance constraints with Oðn4Þ vari-
ables. For example, we could use f klij variables to represent the ﬂow on hub arc ði; jÞ originating from node k destined to node l,
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we developed a formulation with Oðn3Þ variables. Since all the ﬂow originating from a non-hub node must visit the single
hub that the non-hub node is allocated to, the calculation of the total ﬂow from a non-hub node to its hub node is trivial.
Thus, for each non-hub node, this value is exactly the total amount of ﬂow originating from the non-hub node. Similarly,
the total ﬂow from a hub node to a non-hub node is exactly the total amount of ﬂow destined to this non-hub node. What
is challenging is the calculation of the total ﬂow between hub nodes over an incomplete hub network with few variables. In
the following we introduce one such model.
The single allocation incomplete p-hub median network design problem is to locate p hubs, to allocate each non-hub node
to a single hub, and to determine which q hub links to establish between hubs such that the total transportation cost is
minimized.
In order to present the mathematical formulation for the incomplete p-hub median network design problem, we ﬁrst
need to deﬁne some parameters:
wij = ﬂow from node i 2 N to node j 2 N.
cij = transportation cost of a unit of ﬂow between nodes i 2 N and j 2 N.
a = hub-to-hub transportation cost discount factor.
p = number of hubs to be established.
q = number of hub links to be established.
Also, let Oi ¼
P
jwij be the total amount of ﬂow originating from node i and Dj ¼
P
iwij be the total amount of ﬂow des-
tined to node j.
We then deﬁne the decision variables of the mathematical model:xij ¼
1 if node i 2 N is allocated to hub at node j 2 H;
0 otherwise:

:
zij ¼
1 if a hub link is established between hubs i 2 H and j 2 H;
0 otherwise:

:fij
k = total amount of ﬂow originating from node k 2 N to be routed on hub link fi; jg in the direction from i 2 H to j 2 H.
The single allocation incomplete p-hub median network design problem is modeled as:min
X
i2N
X
k2H
cikOixik þ
X
i2H
X
j2H
X
k2N
acijf kij þ
X
i2N
X
k2H
ckiDixik ð1Þ
s:t:
X
j2H
xij ¼ 1 8 i 2 N ð2Þ
xij 6 xjj 8 i 2 N; j 2 H ð3Þ
zij 6 xii 8 i; j 2 H : i < j ð4Þ
zij 6 xjj 8 i; j 2 H : i < j ð5ÞX
j2H
xjj ¼ p ð6Þ
X
i2H
X
j2H:j>i
zij ¼ q ð7Þ
X
j2H:j–i
f kji þ Okxki ¼
X
j2H:j–i
f kij þ
X
l2N
wklxli 8 i 2 H; k 2 N ð8Þ
f kij þ f kji 6 Okzij 8 i; j 2 H : i < j; k 2 N ð9Þ
f kij P 0 8 i; j 2 H : i– j; k 2 N ð10Þ
xij 2 f0;1g 8 i 2 N; j 2 H ð11Þ
zij 2 f0;1g 8 i; j 2 H : i < j ð12ÞThe objective function (1) minimizes the total transportation cost. The ﬁrst term in the objective function calculates the
total cost of transportation from non-hub nodes to hub nodes, the second term calculates the total discounted cost of trans-
portation in the hub network, and the third term calculates the total cost of transportation from hub nodes to non-hub
nodes.
We use a single allocation structure so that every non-hub node is allocated to a single hub. This is obtained via Constraint
(2). A non-hub node can only be allocated to a hub node, which is ensured by Constraint (3).
Constraints (4) and (5) guarantee that a hub link can only be established if both of the end nodes of that link are hub
nodes. Note that since we are designing an undirected hub network we deﬁned zij variables only for i < j. Constraints (6)
and (7) ensure that exactly p hub facilities and q hub links are to be established.
We calculate the amount of ﬂow to be routed on hub link fi; jg in either orientation from any node k in the network via
Constraint (8). Note that this is the divergence equation introduced by Ernst and Krishnamoorthy (1996) for the single
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ﬂow originating from the node k entering into the hub node i must be equal to the outgoing ﬂow. The ﬁrst terms on the left
and right-hand sides of Constraint (8) calculate the ﬂow within the hub network (f variables), whereas the second terms cor-
respond to the ﬂows via the allocations. By Constraint (9), we restrict the f variables to be positive only on the established
hublinks.
The rest of the constraints of the model (10)–(12) represent non-negativity and binary requirements.
In the worst case h ¼ n and the model has ð32n2Þ binary variables and (n3) real variables. The number of constraints of our
model is ðn3 þ 3n2 þ nþ 2Þ. Hence, in total we have Oðn3Þ variables and constraints.
We name the problem in which the number of hubs and hub links to be established are taken as decision variables in the
incomplete p-hub median formulation as the incomplete hub location with ﬁxed costs network design problem. Let,FHj ¼ fixed cost of opening a hub at node j 2 H:
FLij ¼ fixed cost of opening a hub link between hubs i 2 H and j 2 HThe single allocation incomplete hub location with ﬁxed costs network design problem is modeled as:min
X
k2H
FHkxkk þ
X
i2H
X
j2H:j>i
FLijzij þ
X
i2N
X
k2H
cikOixik þ
X
i2H
X
j2H
X
k2H
acijf kij þ
X
i2N
X
k2H
ckiDixik ð13Þ
s:t: ð2Þ—ð5Þ; ð8Þ—ð12Þ
In addition to the total transportation costs, the objective function (13) also includes the total cost of building hubs and
the ﬁxed costs of building the hub links. The rest of the constraints of the model comply with the incomplete p-hub median
formulation, except the number of hubs and hub links to be located are now determined by the model.
Though not considered in this particular paper, one should note that both the incomplete p-hub median and the hub loca-
tion with ﬁxed costs network design models are readily extendible to take care of the capacity restrictions by adapting Con-
straint (9).
In the following section we present some computational analysis with the minimization of total transportation cost
objective.
3. Computational analysis with the total transportation cost model
We tested the performance of our models on two data sets previously introduced in the literature. The ﬁrst is the Civil
Aeronautics Board (CAB) data set introduced in O’Kelly (1987) and based on airline passenger interactions between 25 US
cities, each of which is a potential hub node. We only considered n ¼ 25 for the CAB data set. The second data set is the Turk-
ish network (Fig. 1). There are 81 demand centers (nodes) in this network and 16 candidate hub locations over these demand
centers (Yaman et al., 2007).
For both of these data sets, no real data on the ﬁxed cost of establishing hub links has been introduced in the literature. In
order to observe and compare the results for different ﬁxed cost values, we tested three different ways for establishing hub
link costs. For the ﬁrst one we took the ﬁxed costs for all hub links to be the same. In the second cost pattern, the ﬁxed costs
are directly proportional to the length of the hub link, and ﬁnally in the third one the structure from Calik et al. (2009) where
the ﬁxed costs are directly proportional to the length of the hub link and inversely proportional to wij are used.
During all of our computational analysis, we utilized the optimization software CPLEX version 11.2. We took our runs on a
server with a 2.66 GHz Intel Xeon processor and 8GB of RAM.
We ﬁrst tested our incomplete hub location with ﬁxed costs network design formulation on the CAB data set with the
mentioned three possible ﬁxed cost patterns. However, since ﬂow costs are high when compared to ﬁxed hub link costs (un-
der all scenarios) on the CAB data set, the model resulted in establishing complete hub networks in all of the test instances.2
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Fig. 1. Demand centers and 16 candidate hub locations on the Turkish network.
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problem, we do not present any computational results for the ﬁxed cost model.
For the CAB data set with p ranging from 2 to 5 we tested differing q values for our incomplete p-hub median network
design formulation. As customarily done in the literature, we took a value to be 0.2, 0.4, 0.6, and 0.8.
We report our results on the CAB data set for the incomplete p-hub median problem in Table 1. For each instance, Table 1
reports the required CPU time in seconds, the locations of the hub nodes, and presents the percentage of increase in trans-
portation costs with respect to establishing a complete hub network. In order to calculate this percentage of increase, we
subtracted the total transportation cost of the complete hub network from the observed transportation cost, divided this va-
lue to the transportation cost of the complete hub network and multiplied by 100.
On the average the model is solved within 3 min of CPU time. The minimum CPU time requirement was about 1 s,
whereas the maximum was just below 41 min. Observe from Table 1 that the instances with greater values of a turned
out to be harder. Also, the instances in which we forced the hub networks to be sparse turned out to be harder than the in-
stances with almost complete hub networks. The hardest of these 44 instances was when a ¼ 0:8; p ¼ 5, and q ¼ 6 which
required about 40.7 min of CPU time.Table 1
The results on the CAB data set with the incomplete p-hub median problem.
a p q CPU time (s) Hub locations % Increase in transportation costs
0.2 2 1 0.66 12,20 0
0.2 3 2 8.92 4,12,17 0.020
0.2 3 3 3.99 4,12,17 0
0.2 4 4 7.4 4,12,17,24 0.507
0.2 4 5 2.65 4,12,17,24 0.022
0.2 4 6 2.28 4,12,17,24 0
0.2 5 6 7.03 4,7,12,14,17 0.867
0.2 5 7 1.84 4,7,12,14,17 0.327
0.2 5 8 1.78 4,7,12,14,17 0.031
0.2 5 9 1.91 4,7,12,14,17 0.004
0.2 5 10 1.34 4,7,12,14,17 0
Average 3.62 0.162
0.4 2 1 4.35 12,20 0
0.4 3 2 32.54 4,12,18 0.082
0.4 3 3 10.5 4,12,18 0
0.4 4 4 43.98 1,4,12,17 0.866
0.4 4 5 19.23 1,4,12,17 0.036
0.4 4 6 12.99 1,4,12,17 0
0.4 5 6 40.06 4,7,12,14,17 1.209
0.4 5 7 18.51 4,7,12,14,17 0.449
0.4 5 8 8.25 4,7,12,14,17 0.047
0.4 5 9 6.39 4,7,12,14,17 0.007
0.4 5 10 6.01 4,7,12,14,17 0
Average 18.44 0.245
0.6 2 1 6.21 12,20 0
0.6 3 2 87.43 4,12,18 0.177
0.6 3 3 20.43 2,4,12 0
0.6 4 4 137.18 1,4,12,17 1.090
0.6 4 5 61.25 1,4,12,17 0.045
0.6 4 6 27.74 1,4,12,17 0
0.6 5 6 666.43 4,7,12,14,17 1.466
0.6 5 7 233.15 4,7,12,14,17 0.544
0.6 5 8 65.37 4,7,12,14,17 0.057
0.6 5 9 74.87 4,7,12,14,17 0.008
0.6 5 10 42.61 4,7,12,14,17 0
Average 129.33 0.308
0.8 2 1 18.32 12,20 0
0.8 3 2 185.66 2,4,12 0.269
0.8 3 3 85.34 2,4,12 0
0.8 4 4 970.26 1,4,12,18 1.287
0.8 4 5 432.11 1,4,12,18 0.124
0.8 4 6 122.06 1,4,12,18 0
0.8 5 6 2441.97 1,4,11,12,18 1.907
0.8 5 7 574.03 1,4,7,12,18 0.430
0.8 5 8 482.37 1,4,7,12,18 0.165
0.8 5 9 394.34 1,4,7,12,18 0.034
0.8 5 10 269.66 1,4,7,12,18 0
Average 543.28 0.383
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at the instances where we located three or more hub nodes, Chicago (4) is always selected. While locating four or more hubs
either New York (17) or Philadelphia (18) is always present in the hub set. This is mainly due to the generation of high ﬂow
from these cities. When we rank the ﬂow generated from the nodes in the CAB data set New York (17) has the largest ﬂow,
and Chicago (4) and Los Angeles (12) are second and third, respectively.
In general, the hub locations were insensitive to the number of hub links to be established. Except at two instances, the
hub locations were exactly the same as the complete hub network solutions. At these two instances (a ¼ 0:6; p ¼ 3; q ¼ 2
and a ¼ 0:8; p ¼ 5; q ¼ 6) only one hub node differs (Philadelphia (18) and Kansas City (11), respectively) from the com-
plete hub network solution.
With lower values of a, hub nodes are located near the peripheries of the region. Since in the CAB data set cij ¼ Distanceij,
by locating hub nodes near the peripheries the higher cost values get higher advantage from the economies of scale. When a
increases, hub locations are concentrated in the center of the region.
The percentage of increase in transportation costs is reported as 0 for the instances with complete hub networks. As ex-
pected, this percentage increases as the hub network is forced to be sparser. The highest increase we obtained at the CAB
instances in Table 1 was 1.907%. We also observed from Table 1 that the percentage of increase in the transportation costs
are lower when a value is lower. When we took the average of percent increases for different values of a, we obtain 0.162%
for a ¼ 0:2 and 0.245%, 0.308%, and 0.383% for a equal to 0.4, 0.6, and 0.8, respectively.
Fig. 2 illustrates a sample of solutions on the CAB data set. In order to analyze the ﬂow behavior of the designed network
links (both hub links and spoke links), we explored the ﬂow data with a ¼ 0:6 and p ¼ 5 corresponding to instances a and b
of Fig. 2. This is one of the common instances where hub locations and allocation decisions coincide for both sparse (q ¼ 6)
and complete (q ¼ 10) hub network structures. In both of the resulting designs there are 20 spoke links. The complete design
contains 10 hub links, whereas the sparse design has only six hub links. For both of the designs, we ranked the resulting ﬂow
on the links of the network in a descending order. Under both sparse and complete designs, the largest ﬂow in the network is
between hubs Chicago (4) and New York (17). For both of the networks, the spoke links Boston (3) – New York and Wash-
ington (25) – New York are in top 5. This is in sync with our expectations to have high ﬂows on some spoke links under single
allocation hub network structure. It is interesting to note that in the complete design not all of the hub links carry large
ﬂows. In particular, only 4 out of 10 hub links are among the ﬁrst 10 highest ﬂow carrying links. On the other hand, two
of the remaining hub links are the two lowest ﬂow carrying links. In contrast, in the sparse design 5 out of 6 hub links appear
in the top 10 list. The remaining hub link Dallas (7) – Los Angeles (12) has the 20th largest ﬂow.Fig. 2. CAB data set results with the transportation cost objective.
Fig. 3. Trade-off curve with a ¼ 0:8 and p ¼ 5.
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sence of a direct hub link between some hubs, the ﬂow between these hubs is to be routed on more than one hub link. Thus,
it is expected to have more ﬂow on hub links in incomplete hub networks compared to complete ones. In hub location, it is
desirable to have larger ﬂow between hubs in order to account for the economies of scale discount factor more realistically.
When compared with complete hub networks, the incomplete hub networks allow the solutions to adapt to use hub links
with larger ﬂows. However, in the incomplete hub networks since the ﬂow between hubs is sometimes not transported di-
rectly, the total transportation cost may increase.
In order to observe the increase in transportation costs with respect to the number of established hub links, we decided to
draw a trade-off curve. For the curve we analyzed the instance with a ¼ 0:8 and p ¼ 5, which is the hardest of our instances
and the instance with the greatest percentage increase. For this, we calculated the percent increase with all possible number
of established hub links, starting from a tree-hub network and going on to a complete one. Fig. 3 depicts the resulting trade-
off curve.
In Fig. 3, when we forced the model to establish a tree-hub network with four hub links the percent increase in transpor-
tation costs was about 3.87%. This value was about 0.03% when we reduced one hub link from the complete hub network
(q ¼ 9). Observe that, there is a steep increase in the curve below q ¼ 7.
By analyzing the curve, the decision maker can observe the trade-off between establishing an incomplete hub network
versus the increase in transportation costs. The main drawback of building incomplete hub networks is the increase in
the total transportation costs. However, we observed that the increase in the total transportation costs with respect to build-
ing complete hub networks is not very signiﬁcant. If the decision maker considers the ﬁxed costs of building hub links, for
example for assigning new aircrafts between two hub nodes, this increase in transportation costs can be tolerable.
In a similar fashion, we tested the incomplete p-hub median network design model with the Turkish network. We again
analyzed the increase in transportation costs with respect to complete hub networks. The results are provided in Table 2.
Our ﬁndings on the CAB data set placed larger values of a to be most challenging thus on the Turkish network we tested
the two largest possible values for a. On the Turkish network, for a = 0.6, and 0.8, and for each p = 4, 6, 8, and 10, we tested
three different q values, corresponding to sparse, medium, and complete hub networks. We report the CPU time require-
ments given by CPLEX in the fourth column of Table 2. Considering the fact that this is a decision problem of strategic nature
the CPU times are reasonable.
Observe from Table 2 that some instances corresponding to sparse hub networks could not be solved to optimality within
24 h (86,400 s). At these instances, we present the gap reported by CPLEX in parenthesis and calculated the percent increase
in transportation cost by using the best integer solution found by CPLEX at the end of 24 h. Thus, the percentages reported for
the instances that took longer than 24 h are pessimistic.
Excluding the two instances with p ¼ 4 and q ¼ 3, the percent increases in transportation costs with respect to complete
hub networks, reported in the last column of Table 2, are all below 1%. The average of the percent increases of all the in-
stances is 0.367%. This again shows that when building hub networks, the difference in transportation costs with respect
to complete hub networks can be tolerable when the ﬁxed costs of establishing hub links are considered.
4. Model formulation for the incomplete hub covering network design problem
The aim of the single allocation incomplete hub covering network design problem is to ﬁnd the location of hub nodes, the
allocation of non-hub nodes to these hub nodes, and which hub links to establish between the hub nodes, while providing
Table 2
Incomplete p-hub median results on the Turkish network.
a p q CPU time (s) % Increase in transportation costs
0.6 4 3 3555.36 2.046
0.6 4 4 729.32 0.024
0.6 4 6 377.40 0
0.6 6 8 86,400 (0.33%) 0.743
0.6 6 10 541.37 0.037
0.6 6 15 302.62 0
0.6 8 15 8120.42 0.289
0.6 8 20 2139.91 0.027
0.6 8 28 564.68 0
0.6 10 20 86,400 (0.39%) 0.773
0.6 10 30 4038.39 0.058
0.6 10 45 503.44 0
0.8 4 3 6864.23 2.813
0.8 4 4 599.14 0.038
0.8 4 6 495.05 0
0.8 6 8 86,400 (0.44%) 0.797
0.8 6 10 1685.50 0.033
0.8 6 15 1137.39 0
0.8 8 15 15541.44 0.309
0.8 8 20 1611.45 0.027
0.8 8 28 697.62 0
0.8 10 20 86,400 (0.79%) 0.746
0.8 10 30 62260.15 0.060
0.8 10 45 4544.15 0
Average 5815.45 0.367
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the hub network.
The incomplete hub covering network design problem is important for the systems where time is a major concern. As
Campbell (1994) pointed out, hub covering and p-hub center type problems are important for hub systems involving perish-
able or time sensitive items. A major application area for hub covering problems is the cargo sector, where there is a prom-
ised service time between origin–destination pairs. In the hub covering and p-hub center type problems, the economies of
scale discount factor a is applied to time instead of cost. The time discount factor at is again a number between 0 and 1,
however it is most likely to be higher than the cost discount factor and it is expected to be a number closer to one. Travel
time is discounted when the ﬂow is consolidated to be transported with bigger and faster vehicles. For example, for a cargo
application in Turkey, Tan and Kara (2007) found out that there is a time discount factor of 0.9 when using inter-hub
connections.
For the modeling of the incomplete hub covering network design problem, we no longer require any parameters and vari-
ables associated with ﬂow as previously presented for the incomplete p-hub median and ﬁxed cost models. However, we
need to know which hub links are used on the path from any origin to destination to calculate the travel time. Similar to
the total cost models, it is possible to model the problem with Oðn4Þ variables. For example, we could use yklij variables
and set them to one if a hub link fi; jg is used on the path from node k to node l. In this paper, we developed a novel formu-
lation with Oðn3Þ binary variables. The idea behind our model is that, for each established hub, we would like to ﬁnd a span-
ning tree rooted at this hub that visits every other hub in the hub network using only the established hub links. Employing
these spanning trees ensures the connectivity of the underlying hub network. We calculate the travel time between all pairs
of hubs, using these spanning trees. We then ensure that the travel time between all origin–destination pairs are within the
given time bound. We assume throughout our model that the triangle inequality is satisﬁed.
The additional parameters needed for the mathematical model are as follows:tij ¼ travel time between nodes i 2 N and j 2 N
b ¼maximum service time requirement
at ¼ hub-to-hub transportation time discount factorIn addition to the previously deﬁned decision variables x and z, the new decision variables of the mathematical model are:yijk ¼
1 if the spanning tree rooted at hub k 2 H uses the hub link i; j from hub i 2 H to hub j 2 H;
0 otherwise:
rj = radius of hub j 2 H, i.e., the maximum travel time between hub j and the nodes that are allocated to hub j.
dij = travel time from hub i 2 H to hub j 2 H in the hub network (not discounted).
An integer programming formulation of the single allocation incomplete hub covering network design problem deﬁned
above is as follows:
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X
i2H
X
j2H:j>i
FLijzij þ
X
k2H
FHkxkk ð14Þ
s:t: ð2Þ—ð5Þ; ð11Þ; ð12ÞX
i2H:i–j
yijk P xkk þ xjj  1 8 j; k 2 H : j– k ð15Þ
X
i2H:i–j
yijk 6 xkk 8 j; k 2 H : j – k ð16Þ
yijk þ yjik 6 zij 8 i; j; k 2 H : i < j ð17Þ
dkj P ðdki þ tijÞyijk 8 i; j; k 2 H : i– j and j–k ð18Þ
dij ¼ dji 8 i; j 2 H : i– j ð19Þ
dkk ¼ 0 8 k 2 H ð20Þ
rj P tijxij 8 i 2 N; j 2 H ð21Þ
rk þ atdkj þ rj 6 b 8 j; k 2 H ð22Þ
yijk 2 f0;1g 8 i; j; k 2 H : i– j and j–k ð23Þ
dij P 0 8 i; j 2 H ð24ÞThe ﬁrst term in the objective function (14) calculates the total cost of establishing hub links and the second term, the
total cost of establishing hubs. In the objective function, we minimize the overall cost of establishing an incomplete hub
network.
For the case when there will be more than one hub established in the network, Constraint (15) ensures that the degree for
each hub node is at least one, so that every hub node is an end node for at least one hub link. Through this constraint, the
model guarantees that the tree rooted at hub k will have an entering arc into every other hub j. Constraint (16) assures that
each spanning tree rooted at hub k can have at most one entering arc into another hub node j and forces the spanning tree
arcs associated with a non-hub node to take zero values. Constraint (17) causes the spanning tree arcs to be hub arcs.
Constraint (18) calculates the time needed to travel from one hub node to another using the established spanning tree
arcs in the hub network. Note that the spanning tree formed for each hub node in the network does not need to be the min-
imum spanning tree; thus, the time calculated in Constraint (18) does not need to be the minimum traveling time. We lin-
earized Constraint (18) with a BigM type linearization as follows:dkj P dki þ tijyijk 
b
at
ð1 yijkÞ 8 i; j; k 2 H : i – j and j–k ð18ÞFor given i; j and k, when yijk ¼ 1 both of the Constraints (18) and ð18Þ yield the same right-hand side. Note that the dis-
countedmaximum travel time between two hubs in the network cannot be greater than b. Thus, the travel time between two
hub nodes in the network can be at most b=at . So when yijk ¼ 0, the right-hand side of Constraint (18) yields 0, whereas the
right-hand side of Constraint ð18Þ yields a number less than or equal to zero. Because dkj P 0 by Constraint (24), we con-
clude that Constraint ð18Þ correctly linearizes Constraint (18).
Constraints (18) or ð18Þ also act as subtour breaking constraints for the possible values that y variables can take. Note
that the previous constraints only guarantee that each hub node has an outgoing arc as well as an incoming arc to every
other hub node. We would not necessarily end up with a rooted spanning tree, were it not for these constraints.
We assume symmetric time data; thus, d variables will also be symmetric (Constraint (19)), and the distance from a node
to itself will be zero (Constraint (20)).
The maximum travel time needed from a demand node to its assigned hub, the radius of a hub, is calculated in Constraint
(21) for each hub. Constraint (22) ensures that the travel time between any two nodes in the network is less than the given
time limit. Because d variables calculate the travel time between hubs, we need to discount this travel time by the economies
of scale time discount factor at .
Our linear integer programming formulation of the single allocation incomplete hub covering network design problem
consists of the objective function (14) and the Constraints (2)–(5), (11), (12), (15)–(17), ð18Þ, (19)–(24). If h ¼ n, then the
model has ðn3 þ 32n2Þ binary variables and ðn2 þ nÞ real variables. The number of constraints of our model is
ð2n3 þ 7n2 þ 2nÞ. Hence, in total we have Oðn3Þ variables and constraints.
5. Incorporating valid inequalities
In this section, we present some inequalities that are valid for our incomplete hub covering network design model. The
aim in providing these inequalities is to reduce the time needed to solve our model to optimality.
The ﬁrst valid inequality that we introduce is constraint ðAÞ:
dij P tij 8 i; j 2 H : i– j ðAÞConstraint ðAÞ states that the d variable associated with two candidate hub nodes i and j in the hub network is at least the
direct travel time between these nodes.
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hub nodes as tij ¼ mink2H:k–i;jðtik þ tkjÞ 8 i; j 2 H : i–j. The second travel time parameter between nodes i and j is the mini-
mum travel time from node i to node j using exactly one node k in between. With the deﬁnition of the second travel time
parameter, we present our second valid inequality:dij P tijð1 zijÞ 8 i; j 2 H : i < j ðBÞ
By constraint ðBÞ, if there is not a direct hub link established between two candidate hub nodes i and j, then the d variable
associated with them in the hub network is at least the second travel time between these nodes.
Our third valid inequality is based on the z variables:X
i2H
X
j2H:j>i
zij P
X
k2H
xkk  1 ðCÞNote that we are building a connected hub network in this problem, so that every node in the network can send ﬂow to
any other node. The minimum number of edges in a connected network is (number of nodes in the network – 1). By using
this fact, constraint ðCÞ states that the number of hub links to be established is at least the total number of hub nodes to be
established, less one.
Our fourth valid inequality links d and z variables:dij 6 tijzij þ bat ð1 zijÞ 8 i; j 2 H : i < j ðDÞBy constraint ðDÞwe ensure that, for a given node pair i and j, if there is a direct hub link established between these nodes,
the d variable associated with them is at most the travel time between them. Otherwise, because the discounted maximum
travel time between any two hubs in the network cannot be greater than b, we do not put any limit on the d variable.
We tested the performance of these valid inequalities ðAÞ–ðDÞ both individually and collectively. For this, we used both
the CAB and the Turkish network data sets. Our preliminary analysis with the valid inequalities showed that the valid
inequality ðAÞ is very effective. Even though using valid inequality ðAÞ alone did not always result in the quickest solution
times, the average CPU time turned out to be the lowest. On the other hand, with respect to the average CPU times, use
of valid inequalities ðAÞ and ðDÞ jointly has the second smallest CPU time requirement. However, neither using valid inequal-
ity ðDÞ alone nor the addition of valid inequality ðDÞ to other inequalities is as effective as the valid inequality ðAÞ.
With valid inequalities, we also compared the linear programming (LP) relaxations of the model and the LP relaxations at
the root node reported by CPLEX. It turns out that none of the valid inequalities resulted in different LP relaxation values.
However, the use of valid inequality ðCÞ slightly increases (less than 8:5%) the LP relaxation at the root node reported by
CPLEX.
In light of our observations, we decided to use our incomplete hub covering model together with valid inequality ðAÞ
alone for the rest of our computational analysis. The reader should note that different data sets may also make the other valid
inequalities effective.
6. Computational analysis with the incomplete hub covering model
We tested the performance of our incomplete hub covering network design formulation on the CAB and the Turkish net-
work data sets. No time data has been provided for the CAB data set, thus, similar to other hub covering studies in the lit-
erature, we took tij ¼ Distanceij for this data set. For the ﬁxed costs of opening hubs we took FHi ¼ 100 for all nodes (O’Kelly,
1992). We varied at from 0.2 to 1.
On the CAB data set, we tested three different ﬁxed cost values for opening hub links. In the ﬁrst one we let FLij ¼ 10 for all
i; j. For the second one we took FLij ¼ Distanceij and for the last one we used the values from Calik et al. (2009) in which they
calculated the ﬁxed costs for hub links as follows:FLij ¼
Distanceij
Flowij
maxDistanceijFlowij
 100 8 i; j 2 H; i– jwhere Distanceij is the distance between nodes i and j, and Flowij is the amount of ﬂow between nodes i and j.
In what follows, we are going to exhibit the performance of our incomplete hub covering network design formulation
with valid inequality ðAÞ using CPLEX 11.2. In order to obtain the tightest possible b values on the CAB data set, we ﬁrst
solved p-hub center problems with complete hub networks (Ernst et al., 2009) with 2, 3, 4, and 5 hubs and with different
possible at values. Then we tested our model with three different ﬁxed link cost values on these instances. The test param-
eters (shown in bold) and the corresponding results are provided in Table 3.
When we look at the CPU times obtained in Table 3, we observed that CPU times are in fact dependent on the test data.
The average CPU times that we obtained on the CAB instances in Table 3 with three different ﬁxed link cost values are 2.7 s,
24.2 min, and 3.0 s, respectively. In general, all of the instances are solved in reasonable CPU times. Because we used the
tightest b values in all of these instances, it is reasonable to presume that these are among the hardest instances on this data
set.
Table 3
Hub covering results on the CAB data set.
at b FLij ¼ 10 FLij ¼ Distanceij FLij from Calik et al.
CPU
time (s)
Hub locations Number of
hub links
CPU time
(s)
Hub locations Number of
hub links
CPU
time (s)
Hub locations Number of
hub links
0.2 2136 0.86 21,22 1 6.93 5,8,13 2 1.42 21,22 1
0.2 1912.8 2.69 3,13,22 2 171.41 5,13,22 2 2.4 13,17,22 2
0.2 1616.2 4.86 9,16,19,23 4 1721.51 1,5,8,22,23 4 1.86 9,16,19,23 4
0.2 1346 3.42 2,11,12,23,24 4 3609.98 1,11,13,19,20,22,23 6 6.53 11,12,17,23,24 4
0.4 2400.4 4.64 5,8 1 52.46 8,21 1 3.51 8,21 1
0.4 2098.2 2.66 1,2,8 2 282.16 1,8,18,20 3 2.17 1,8,25 2
0.4 1880.4 2.17 3,12,13,23 3 2365.12 1,7,22,23,25 4 3.24 12,13,17,23 3
0.4 1596.8 3.75 11,12,14,18,23 4 14149.08 11,12,13,17,21,23,24 6 6.48 11,12,14,18,23 4
0.6 2556.6 1.33 8,21 1 1.79 8,21 1 1.37 8,21 1
0.6 2335.2 4.26 8,16,25 3 278.69 8,20,21,24 3 4.32 8,16,25 3
0.6 2183.2 5.57 19,21,22,23 3 380.36 3,6,8,11,24 4 2.62 19,21,22,23 3
0.6 2002 4.47 13,17,19,22,23 6 3304.79 8,12,13,22,23,25 5 12.54 8,12,13,17,22,23 5
0.8 2712.8 0.83 8,21 1 3.00 8,21 1 0.93 8,21 1
0.8 2551.6 2.48 6,8,16 3 186.50 8,11,22,23 3 2.82 6,8,16 3
0.8 2456.8 4.38 19,21,22,23 5 474.77 8,9,11,13,22,23 5 2.35 19,21,22,23 5
0.8 2370.6 3.18 6,8,16,22,23 5 1709.71 8,17,21,22,23,24 5 2.19 6,8,16,22,23 5
1 2826 0.29 8,11 1 1.10 8,11 1 0.63 8,11 1
1 2762 0.61 8,11,23 3 13.43 8,11,23 3 0.55 8,11,23 3
1 2726 0.62 4,8,23,24 6 162.17 4,8,13,23,24 7 0.83 4,8,23,24 6
1 2725 1.63 7,8,9,14,23 7 176.32 4,8,13,14,23 7 1.07 4,7,8,14,23 8
Average 2.74 1452.56 2.99
946 S.A. Alumur et al. / Transportation Research Part B 43 (2009) 936–951Among the three ﬁxed cost values, the instances with FLij ¼ Distanceij turned out to be the hardest. In general, there is not
a signiﬁcant CPU time difference between the instances with the ﬁrst and third ﬁxed link cost values. The reason why the
FLij ¼ Distanceij instances lasted longer is because FLij values are higher when compared to ﬁxed hub costs.
Table 3 also provides the location of the hub nodes and the number of hub links in the established hub networks. Except
for a few instances, the results with the second ﬁxed link cost structure turned out to be very different than the other two
sets of results. In these instances with FLij ¼ Distanceij, the model resulted in establishing more hubs to reduce the total ﬁxed
costs of establishing hub links. For example, at the ﬁrst instance in Table 3 when at is 0.2 and b value is 2136, both the ﬁrst
and the third ﬁxed link cost values resulted in opening two hubs at nodes St. Louis (21) and San Francisco (22) with one hub
link f21;22g, whereas the second one resulted in opening three hubs at nodes Cincinnati (5), Denver (8), and Memphis (13)
with two hub links f5;13g and f8;13g. This is because in the CAB data set ðDistance21;22 ¼ 1736Þ > ðDistance5;13 ¼ 402Þþ
ðDistance8;13 ¼ 880Þ, and thus the difference FL21;22  ðFL5;13 þ FL8;13Þ > FH ¼ 100. Hence the objective function value of the
model with the second ﬁxed hub link cost value is higher with opening two hubs St. Louis (21) and San Francisco (22), com-
pared to opening hubs Cincinnati (5), Denver (8), and Memphis (13).
The number of established hub links reported in Table 3 indicates how sparse the hub network is. Note that 14 of the 60
instances listed in Table 3 correspond to locating two hubs, where an incomplete hub network solution is not possible. Even
though we used the tightest possible b values, we obtained incomplete hub networks in 37 of the remaining 46 instances.
Especially for the instances with FLij ¼ Distanceij all of the solutions with three or more hubs, with one exception when at is 1
and b value is 2762, resulted in incomplete hub networks. For the other two ﬁxed cost structures, the respective number of
established hub links are usually the same though sometimes with the establishment of different hub nodes. In all of the
instances, where the model resulted in opening four or more hubs, all of the hub networks were incomplete with one excep-
tion when at ¼ 1 and b ¼ 2726. Fig. 4 depicts incomplete hub network solutions of some instances from Table 3 on the CAB
data set.
Because we are using the tightest possible time bounds on this network, in order to discount the travel time, the nodes
that are located near the periphery are often selected as hub nodes (such as San Francisco (22) and Seattle (23)) especially
when at increases. In almost all of the solutions presented in Fig. 4, at least one central hub node is established, and most of
the non-hub nodes are allocated to this central hub node.
In order to observe the performance of our model on larger networks, we tested it on the Turkish network (Fig. 1). For the
Turkish network data set, we took the ﬁxed cost values for opening hubs from Tan and Kara (2007), for opening hub links
from Beasley (1990), and the at value to be 0.9 (Tan and Kara, 2007). On this network with 16 candidate hub locations, the
tightest possible b value corresponding to at ¼ 0:9 is 1783.1 min. In addition to the tightest possible b, we tested b values
between 1800 and 2100 min at 30 min intervals. The summary of our results on the Turkish network is provided in Table 4.
All instances with the Turkish network in Table 4 are solved within 1 s due to having 16 potential hub locations. All of the
solutions with four or more hubs resulted in incomplete hub networks. We illustrated two of these results in Fig. 5.
Similar to the observations from the CAB data set, we conclude from the Turkish network solutions that building com-
plete hub networks is neither necessary nor cost efﬁcient when building high number of hubs (for example more than three
hubs) for providing service within a given time bound.
Fig. 4. Hub covering results with the CAB data set.
Table 4
Hub covering results on the Turkish network.
at b CPU time (s) Hub locations Number of hub links
0.9 1783.1 0.31 5,9,10,11,14 8
1800 0.43 5,9,10,11,14 8
1830 0.53 5,9,11,14 5
1860 0.41 2,5,6 3
1890 0.48 2,5,15 3
1920 0.46 2,3,14 3
1950 0.39 2,14 1
1980 0.46 2,14 1
2100 0.15 13 0
Average 0.40
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Fig. 5. Hub covering results with the Turkish network.
Table 5
Performance of the hub covering model with CPLEX on large networks.
n at b h CPU time (s)
81 0.9 1800 16 0.43
25 1.86
35 4.17
45 12.27
55 24.63
65 83.90
75 108.47
81 151.41
948 S.A. Alumur et al. / Transportation Research Part B 43 (2009) 936–951Lastly, in order to challenge the solution potential of our model with CPLEX, we ﬁxed b and increased the number of can-
didate hub locations on the Turkish network. We report our results in Table 5. As expected, the CPU time requirement grows
exponentially with the increase on the candidate number of hub nodes. With our proposed model, we were able to solve
even the largest instance with 81 candidate hub locations within 2.53 min. These are the largest instances of incomplete
hub network solutions solved to optimality in the literature up to now.
From our computational analysis on both the CAB data set with 25 nodes and the Turkish network with 81 nodes, we
obtained optimal solutions of our model with CPLEX in few minutes, proving the effectiveness of our proposed mathematical
model.
7. The incomplete p-hub center network design problem
The p-hub center problem locates p hubs, such that the maximum travel time between any origin–destination pair is min-
imized. On the other hand, we deﬁne the incomplete p-hub center network design problem as one that additionally deter-
mines which q hub links to establish in the p-hub center problem. Similar to the hub covering version, it is possible to model
the single allocation incomplete p-hub center network design problem with Oðn3Þ decision variables and constraints. The
number of hubs and hub links to be located are now given, and the service time parameter introduced in the hub covering
formulation is to be treated as a decision variable. The new decision variable, also named as b, is deﬁned as the maximum
travel time between any origin–destination pair.
More formally, we deﬁne the single allocation p-hub center network design problem as locating p hubs, allocating each
non-hub node to a single hub, and determining which q hub links to establish between hubs such that the maximum travel
time between any origin–destination pair is minimized. With the previously deﬁned decision variables and parameters, the
problem can be modeled as:min b ð25Þ
s:t: ð2Þ—ð7Þ; ð11Þ; ð12Þ; ð15Þ—ð24Þ;
bP 0 ð26Þ
For the linearization of Constraint (18), because b is now a decision variable, we suggest using BigM instead of using bat in
Constraint ð18Þ.
Note that all valid inequalities introduced for the incomplete hub covering network design problem are also valid for the
p-hub center version. However, for the valid inequality ðDÞ, we again suggest using BigM instead of using bat .
We again performed computational analysis with our single allocation incomplete p-hub center network design formu-
lation with CPLEX 11.2 on the CAB data set. We included valid inequality ðAÞ to our formulation and varied at ; p and q. We
compile our results in Table 6.
We report the optimum b value, the CPU time requirement, and the hub locations in Table 6. Note that for a given at and
p, even though we increase the number of hub links to be established, after a while the optimum b value stays constant.
These b values are the tightest possible b values corresponding to a given at and p. Also note that these are the b values that
Table 6
Incomplete p-hub center results on the CAB data set.
at p q Optimum b value CPU time (s) Hub locations
0.2 2 1 2136 2.25 21,22
0.2 3 2 1912.8 3.86 13,18,22
0.2 3 3 1912.8 4.45 5,13,22
0.2 4 3 1648.4 13.94 11,20,22,24
0.2 4 4 1616.2 9.09 9,16,19,23
0.2 4 5 1616.2 8.82 9,16,19,23
0.2 5 4 1346 77.74 11,12,23,24,25
0.2 5 5 1346 97.17 11,12,23,24,25
0.4 2 1 2400.4 2.46 8,21
0.4 3 2 2098.2 9.44 1,8,20
0.4 3 3 2098.2 5.53 1,8,20
0.4 4 3 1880.4 97.85 2,12,13,23
0.4 4 4 1880.4 13.75 12,13,20,23
0.4 5 4 1596.8 126.01 11,12,18,23,24
0.4 5 5 1596.8 133.87 11,12,14,18,23
0.6 2 1 2556.6 2.69 8,21
0.6 3 2 2374.6 7.72 12,21,23
0.6 3 3 2335.2 5.57 8,16,20
0.6 4 3 2183.2 91.27 19,21,22,23
0.6 4 4 2183.2 24.15 19,21,22,23
0.6 5 4 2072.8 234.95 11,12,18,23,24
0.6 5 5 2032 138.95 13,18,19,22,23
0.6 5 6 2002 111.83 13,19,22,23,25
0.6 5 7 2002 93.16 13,19,22,23,25
0.8 2 1 2712.8 2.26 8,21
0.8 3 2 2648.8 217.82 8,21,23
0.8 3 3 2551.6 4.15 6,8,16
0.8 4 3 2508 68.24 11,19,22,23
0.8 4 4 2487.6 27.56 6,8,16,23
0.8 4 5 2456.8 26.60 19,21,22,23
0.8 4 6 2456.8 17.01 19,21,22,23
0.8 5 4 2456.8 319.30 11,19,21,22,23
0.8 5 5 2370.6 137.04 6,8,16,22,23
0.8 5 6 2370.6 105.10 6,8,16,22,23
1 2 1 2826 1.64 8,11
1 3 2 2826 7.72 8,11,24
1 3 3 2762 2.72 8,11,23
1 4 3 2826 335.51 8,11,18,25
1 4 4 2762 67.16 8,11,21,23
1 4 5 2739 11.56 4,8,23,24
1 4 6 2726 6.63 4,8,23,24
1 5 4 2826 9844.53 6,8,11,13,23
1 5 5 2762 1241.64 3,4,8,11,23
1 5 6 2739 1614.08 4,8,23,24,25
1 5 7 2725 103.75 4,8,14,23,24
1 5 8 2725 19.90 8,9,14,21,23
Average 336.92
S.A. Alumur et al. / Transportation Research Part B 43 (2009) 936–951 949we used in our hub covering instances. We increased q in the test instances until we reach the tightest b value, i.e. until the
optimum b value stays constant. Observe from Table 6 that, excluding the ﬁve instances locating two hub nodes, the model
did not need to establish complete hub networks in 11 out of 15 instances (with ﬁve different at and three different p values)
in order to obtain the tightest possible b values.
When we compare Tables 3 and 6 we observe similarities. For example, in Table 6, at ¼ 0:8; p ¼ 4 and q ¼ 5 yielded
opening hub nodes Phoenix (19), St. Louis (21), San Francisco (22), and Seattle (23) with an optimum b value of 2456.8,
and in Table 3 same hubs are established with at ¼ 0:8 and b ¼ 2456:8 with both the ﬁrst and third ﬁxed link cost patterns.
In almost all of the instances that required complete hub networks in the hub covering solutions, the tightest b values are
again obtained on complete hub networks in the p-hub center solutions. On the other hand, there are some p-hub center
solutions in which we obtained the tightest b values, i.e. the values that we used in the hub covering version, that resulted
in establishing different hub nodes. For example, at the instance with at ¼ 0:6; p ¼ 5 and q ¼ 6 the p-hub center model estab-
lished hubs at nodes Memphis (13), Phoenix (19), San Francisco (22), Seattle (23) and Washington (25); however, we did not
obtain the same solution with the hub covering formulation when at ¼ 0:6 and b ¼ 2002. This provides an example of having
multiple optimal solutions with our incomplete p-hub center network design problem. In sync with the complete or location
analogous versions we observed multiple optimal solutions with this model, but only reported the ﬁrst optimal solution
found by CPLEX in our computational analysis.
Table 7
Incomplete p-hub center results on the Turkish network.
Optimum CPU Hub
at p q b value time (sec) locations
0.9 2 1 1923.7 2.96 2,14
0.9 3 2 1878.8 20.11 2,5,14
0.9 3 3 1856.3 12.91 2,5,6
0.9 4 3 1878.8 103.93 2,4,5,14
0.9 4 4 1856.3 33.00 2,5,12,14
0.9 4 5 1821.5 17.95 5,9,11,14
0.9 4 6 1821.5 21.96 4,5,11,14
0.9 5 4 1878.8 1120.34 2,5,6,8,14
0.9 5 5 1849.8 240.05 2,5,11,12,14
0.9 5 6 1805.6 169.07 5,9,11,12,14
0.9 5 7 1783.1 32.35 5,6,9,11,14
0.9 5 8 1783.1 28.22 5,6,9,11,14
0.9 6 5 1878.8 5767.56 2,5,6,14,15,16
0.9 6 6 1849.6 1488.71 2,5,9,10,11,14
0.9 6 7 1805.6 304.90 3,5,6,9,11,14
0.9 6 8 1783.1 123.29 5,6,9,11,13,14
0.9 6 9 1783.1 131.48 2,5,6,9,11,13
Average 565.81
950 S.A. Alumur et al. / Transportation Research Part B 43 (2009) 936–951When we look at the CPU times on the CAB data set reported by CPLEX, the hardest instance in Table 6 lasted about 2.7 h,
and the average CPU time was approximately 5.5 min. Similar to the total cost model, the instances in which we forced the
model to obtain sparse hub networks turned out to be harder.
We also tested the incomplete p-hub center network design problem on the Turkish network. We provide the results in
Table 7. The tightest possible b value in the Turkish network with 16 candidate hub locations and at ¼ 0:9 is 1783.1, i.e. when
we establish a complete hub network with 16 hubs. This b value can be obtained with locating ﬁve hubs and establishing
seven hub links or six hubs and eight hub links. Observe from Table 7 that, in all of the instances with locating four or more
hubs we obtained the tightest possible b values on incomplete hub networks.
The CPU time requirement with the Turkish network was higher than the CAB instances. Nonetheless, the running times
reported by CPLEX are still reasonable. On the average the model is solved within 10 min, where the hardest instance lasted
about 1.6 h.
8. Conclusion
In this paper, we relaxed the fundamental assumption in the hub location literature of building complete hub networks
and studied the single allocation incomplete hub network design problems. The problems were motivated from real-life
observations of many hub networks. We ﬁrst deﬁned the single allocation incomplete p-hub median and the hub location
with ﬁxed costs network design problems and presented very efﬁcient Oðn3Þ mathematical formulations. The models are
readily extendible to handle capacity restrictions. Through computational analysis, we were able to solve all CAB instances
within 45 min of CPU time. In order to observe the performance of the model on larger networks, we presented some com-
putational results on the Turkish network. These models are among the ﬁrst single allocation incomplete hub network design
models.
We also deﬁned the single allocation incomplete hub covering and p-hub center network design problems and proposed
Oðn3Þ mathematical formulations. To increase the exact solution potential, we proposed and compared four different valid
inequalities for the hub covering model. Computational analyses with these formulations on the CAB data set and the Turk-
ish network are also presented. All test instances were very efﬁciently solved with our models.
The aim of this paper is to provide a thorough treatment of the existing hub location problems under the incomplete hub
network structure. In this study, we were able to show that, in some instances, the service that is provided with a complete
hub network can also be provided with an efﬁciently designed incomplete hub network. Thus, the contribution to the quality
of service with complete hub network designs may not be high enough to justify their high costs.
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